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We review on the models of gravity with a constraint by the Lagrange multiplier field. The 
constraint breaks general covariance or Lorentz symmetry in the ultraviolet region. We 
report on the F{R) gravity model with the constraint and the proposal of the covariant 
(power-counting) renormalized gravity model by using the constraint and scalar projec- 
tors. We will show that the model admits flat space solution, its gauge-fixing formulation 
is fully developed, and the only propagating mode is (higher derivative) graviton, while 
scalar and vector modes do not propagate. The preliminary study of FRW cosmology 
indicates to the possibility of inflationary universe solution is also given. 
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1. Introduction 



Recently the model s of gra vity with a constraint by the Lagrange multiplier field 
have been proposecP^^EE]^ The constraint breaks general covariance or Lorentz 



3l s 01 gra ^ 

symmetry and given by the following action: 



S= - I d^x^X ( \d^cj>d^(^ + C/o ) . (1) 



2 

Here A is the Lagrange multiplier field and is a positive constant. Then the 
variation of A, we obtain the following equation: 

ia^(/.9^(/. + C/o = 0, (2) 

which tells {d^(f>) is a non-vanishing time-like vector and therefore the general co- 
variance or the Lorentz symmetry is breakdown spontaneously. Locally, one can 
choose the direction of time to be parallel to (9^0). Then we find 



(3) 



1 
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In this report, especially we review on the F{R) gravity model with the 
constraintPl and the proposal of the covariant (power-counting) renormalized gravity 
model^ by using the constraint and scalar projectorJ^I. 

In 2009, Hof ava proposed a candidate of quantum field theory of gravity which is 
power-counting renormalizable. The model has anisotropy between space and time 
by the explicit breaking of covariance but it was expected that at long distances, 
the Lorentz symmetry could be recovered. It was clarified, however, the existence 
of extra scalar mode violating the Newton After that the re w ere proposals 

of covariant and power-counting renormalizable model of gravitj^^HI j^g^g bee^ 
shown show that only massless graviton propagates in the model of Ref. ID 



2. Application to F{R) gravity 

As an application of the Lagrange multiplier field to the F{R) gravity models, we 
consider the following action: 



(4) 



By the variation of A, we obtain the following constraint 

1 
2 

On the other hand, by the variation of the metric g^,y, we obtain 



df,Rd''R + F2{R)=0. (5) 



X (FiiR) - XFf,{R) - (AV^i?)) . (6) 

If the Ricci curvature is covariantly constant: i?^^ = ^9fiv and therefore R — Rq, 
Eqs. © and © give = F2(i?o) and = Fi(i?o) - ^Ro {Fi{Ro) - \F^{Ro)) and 
therefore A = ^flo'f^(fl'oT^ Then if Rq > 0, we obtain a solution describing 
de Sitter space-time, which may be regarded with the inflation. 
For spatially-flat FRW metric 

ds^ ^ -dt^ + a{tf (^^')' • (7) 

1=1,2,3 

Eqs. ([5]) and ([6]) have the following form: 

= - + F^iR) , 

= - ^Fi{R) + 18A (^H + AHH^ V js (^H + iJ^^ - 3iJ^ 

X \f[{R) - XFm 3h) (x^) ] . (8) 
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Covariant gravity with Lagrange multiplier constraint 3 



dR 



By integrating the first equation in ([8]) when F2{R) > 0, we obtain t = (_r) ' 

which can be solved with respect to i? as i? = Fnit). Then since 6^ + 12H^ = 
R = Fii{t), we obtain the t dependence of H and X a.s H = H{t) and A = X{t). 

Conversely if we know H{t), we can construct F2{R) to produce the t dependence 
of H. As we know H{t), we can find the t dependence of the scalar curvature 
R = R{t), which could be solved with respect to t a.s t = t{R). Then the first 

We 



equation in ^ gives the exphcit form of F2{R) as F2{R) = 5 (4?''^ 



t=t{R.) 



should note Fi {R) can be an arbitrary function. 

As an example, we may consider H{t) = Here /iq is a positive constant. Then 
we find F2{R) = —, — ,^ „,2\ - As a second example, we may consider 

R R 

-^(l-tanhwt) + -^(l + tanha;i) . (9) 

Here R± and w are positive constants. For the curvature i? in ([9]), we find R — ^ R± 
when t — >■ ±cx), that is, asymptotically de Sitter space-time. Then we may regard 
t —00 could correspond to inflation, and t — > +00 to late acceleration. We now 
find 

{R^-R+fu:^ ( {R_+R+-2Rfy 
3. Brief review on Hofava gravity 

Before we apply the constraint by the Lagrange multiplier field to the covariant 
power-counting renormalizable gravity, we will briefiy review the model in Ref. [5] 
We know that Einstein's general relativity is non-renormalizable as a quantum field 
theory. If we consider the perturbation from the fiat background: g|^^^ — rj^^ + nh^i, 
(Here k is a gravitational coupling), the Einstein-Hilbert action has the following 
form: 

1 

2~2 ^ 

1 



^dhdh + nhdhdh + n^h^dhdh + teh'^dhdh 



(11) 



Since the dimension of k is that of length, Einstein's general relativity is non- 
renormalizable. However, if the propagator behaves as l/p'*, 1/p^, ••• instead of 
l/p^ {Pfj,: four momentum) in the ultraviolet region, the ultraviolet behavior of the 
quantum correction could be improved. Usually such a propagator is given by the 
higher derivative theory, where the unitarity could be broken in general, due the 
higher derivative with respect to t 

Then Hofava's idea is to introduce anisotropic treatment between space and 
time and consider the higher derivative theory with respect to only spacial coordi- 
nates. Then in the ultraviolet region, the propagator behaves as 1/p^, 1/p®, • • • . 
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The anisotropy an be expressed by a parameter z which is given by the scale trans- 
formation with a constant h: x ^ bx, t —>■ b^t, (z = 2, 3, • • • ). 

In order to express the action of the model in Ref. [5l we use the well-known 
ADM decomposition, where the metric is expressed as 

ds^ = -N^dt^ + J2 i^""' + ^'^0 (^2;^ + ^^'^O • (12) 

Here N and N'^ are called the lapse variable and the shift variable, re- 
spectively. Then we find that the Einstein-Hilbert action has the form of 
/ d^xdtNyJ (^K^^Kij — K'^ + R^'^^y Here Kij is the extrinsic curvature defined 
by Kij = (.9ii ~ '^iNj — WjNi) and K = if^. The action of Hofava gravity 
is given by a sum of "kinetic term" and "potential" The kinetic term is the term 
including the derivatives with respect to time and given by 

Sk^^ J dtd^x {K,jK'^ - \K^) , (13) 

Here A is a parameter^ The action is invariant under the spacial diffeomorphism 
and the temporal diffeomorphism, which are given by 

Sx'^C{t,x), St ^ fit). (14) 

By using z, the dimension of time t is expressed as [L^]. Here L is the length. Since 
ds^ = —N^dt^ + • • • , we find the dimension of N as [N] — [L^~^]. In perturba- 
tion theory, when we fix the gauge of diffeomorphism, we choose N — Nq with a 
constant Nq. Then as clear from ([T3l) . the effective coupling constant is given by 
l/nlg — Nq/k'^, whose dimension is [nig] — [L^~^]. Then when z = 3, KcS becomes 
dimensionless and therefore the model becomes power counting renormalizable. 

In order to include the "potential" , that is, the terms not including the deriva- 
tives with respect to time, the generalized De Witt "metric on the space of metrics" , 
which is given by Q'^i'^^ — i [g^'^g-'^ + g^^g-'^) — Xg^^ g^'^. Then Hofava has proposed 
the potential with "detailed balance" , which is given by 

Sv^'^jdt d'x VgN E^^g^.ME^' , ^gE^^ = ^-^^ (15) 

Then for the z — 2 model, Hofava has chosen W = / d^x ^/g{R — 2A^y), which 
gives 

5y - £^ y dtd^x {r^^ ~ ^Rg'^ + A^g'^^ g,,ki [r"' - \Rg''' + A^-.?" 

(16) 



Here we followed the notation in Ref.[5] Except in this section, A expresses the Lagrange multiplier 
field. 
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Covariant gravity with Lagrange multiplier constraint 5 

For z = 3 model, it has proposed a.s W — W3(r). Here w"^ is a dimensionless 

coupling and a;3(r) is gravitational Chern-Sinions term given by 



2-p . ^ . „\ ,„i. / „ „e 2, 
3 



us{r) = Tr ( r A dF + A r A r ) ^ e'^' ( TTA^i^ + ^jr^F^^^r^:, ) d'x . (17) 



Then we find 



2yji \ "^^Riky'R'"" - y^RJky'R''' - l^^R^'R) } . (18) 

Here C'^ is called the Cotton tensor defined by C'^ = e^'^^Vk {r{ - jRS{j . 

After the proposal, it has been clarified that there are several problem j^ l ^ l ^ l 
in the Hofava gravity. The model does not have full difi'eomorphism symmetry 
but the direct product of the spacial diffeomorphism and temporal diffeoniorphism 
(|14p. Then in order to impose a gauge condition N ^constant, we may assume 
the projectability condition, that is, N should depend on only time coordinate 
N = N{t). Although there have been also proposed models which do not satisfy 
the projectability condition, the degrees of freedom of the Hofava gravity do not 
coincide with those of the Einstein gravity and therefore the Hofava gravity does 
not reproduce general relativity even in the low energy region. 

4. Proposal of covariant and power-counting renormalizable 
models of gravity 

In order to construct models with correct degrees of freedom, we have proposed a 
model with the covariance (full diffeomor phis m invariance), that is, the covariant 
and power-counting renormalizable model a I I by using the spontaneous breakdown 
of Lorentz symmetry. 

The action of the proposed model is given by 

5- j d^x^j ^-«{(9'^09>V^ V. -9^0a'^(/)V''Vp)"P„''P/ 

(19) 



Here A is the Lagrange multiplier field, Uq is a constant, and PJ^ is a projection 



operator defined by P^" = 6^" + For z 2?i + 2 model (n = 0, 1, 2, • • • ), 

A = and for z = 2n + 3 model, A = 1. First we should note that the actions 
admit a flat space vacuum solution. The field equations have the following form: 
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= 2^ (^A- - bt^-R) + Gjil^'"'' - iMducI^ + i^dpcbdPc^ + Uo). Then by 
assuming the flat vacuum solution, we find — Xd^cfidiycj), which gives A = 0. Then 
we obtain the flat space vacuum solution with A = 0. 



5. Perturbation from the flat background 

In this section, we consider the perturbation from the flat background and we show 
that the only propagating mode is higher derivative graviton while scalar and vector 
modes do not propagate. 

We now fix the difleomorphism invariance with respect to time coordinate by 
choosing the condition by which is a kind of the unitary gauge condition. Then 
by the perturbation from flat background: g^i, — rj^^i, + h^^, we find 



X { (9.9'=)"+^ (V /'^ + - h'\k - d'd' (V)) } + t^oA/itt] . (20) 



By the variation of A, we obtain htt = 0. On the other hand by the variation of hu, 
we obtain 

1 

+ 22"-i+^aC/o^"-i+^ (9.9'=)'"+^ 9^9^- (h,,/ + h,^/ - h,^/ - 9,9, (/./)) . 

(21) 

The variation of (j) gives 

=9, {a + 22"-i+^aC/o^"-i+^ {d,dT^^ 9'9^ {h,,/ + h,^/ - h,^/ 9.9, (V)) } 

(22) 

We now decompose hu, which corresponds to the shift function Ni, as hu = diS + Vi. 
Here Vi satisfies the equation d'^Vi = and s is a spatial scalar. We also linearize the 
diffeomorphism invariance transformations with respect to the spatial coordinates 
as (5a:' — 9'u + w'\ where Wi satisfies the equation diw'^ = 0. Then we find 5s = dtu 
and Svi — dtWi. We now choose the gauge fixing condition as s = = 0, which 
gives hu = 0. The variation of hu gives 

dt {-26^''d' + + h^k = , (23) 

which is identical with that in the Einstein gravity and does not include higher 
derivative terms. 



January 4, 2012 1:17 WSPC/INSTRUCTION FILE QFEXTllnojiri'3 



Covariant gravity with Lagrange multiplier constraint 7 



We now also decompose hij as hi 



5^,A + diBi 



{didj — ^Sijdkd'') E, where Bi and Ctj satisfy equations d^Bi = 0, d^Cij = d^C, 
0, and Cj' — 0. Then by the variation of Shu, we obtain 



= dt{ -4d,A + 2dkd''B, + -dAd'^E ] . (24) 

By multiplying p4)) with 9', we find dtdid^ [—iA + ^dkd'^E) = 0, which gives 
A = \dkd''E. Here we have assumed A and E vanish at spatial infinity. By using 

at spatial 



-A+-d,d^E] , 



((24)) . we find dtdjd^Bi — 0, which gives = by assuming Bi 
infinity. Then Eqs. ((2T|) and (|22l) can be rewritten as 



A 



1 



2k^C/o 



dkd' 



'A+^djd^E 



2n+A ^jj2n-l+A 







2n+2+A 



=a A 







2n+2+A 



.4 + -c»jaj£; 



(25) 
(26) 



Then we find A = since A — ^dkd^E. Therefore we find the scalar modes A and 
the vector mode Bi do not propagate. 
By the variation of A gives 

=^ |-12 (-a^ + dud'') A + W'^A + ^ {dud'^fE^ 

X (^-d'd^A - 8'^dkd^A + ^d'd'dkd^E + ^5'^ {dkd''f E 
By the variation of E, we obtain 



(27) 



=9fca^ 



22n-l+A 



, 2n+A 



'd'd^A - 6'^dkd''A + ^d'd^dkd'^E + ^6'^ [dkd'^f E 



(28) 



Then we find d^A = and therefore by using A — ^dkd'^E, we find A ~ E ~ 0. 
Therefore we find all the scalar modes (j), A, htt, s, A, and E and all the vector modes 
Vi and Bi do not propagate. The only propagating mode is massless graviton Cij. 
This situation should be distinguished from that in the Hofava quantum gravity. 
The action for the massless graviton Cij is given by 



(29) 
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which give the propagator of C'ij as follows 

Here = (p')^ ^'^'^ = — (p")^ + p^. We should assume a < in order to 

avoid tachyon pole. In the ultraviolet region, the propagator behaves as ~ 1/ 
for z = 2 (n = 0) case and ~ 1/ |p| for z — 3 {n — 0) case and therefore the 
model could be power-counting renormalizable. In the case of z = 2n + 2 {n> 1) or 
z = 2n + 3 (n > 1) case, the model could be (power-counting) super-renormalizable. 

6. FRW cosmology 

We now consider the FRW cosmology. We may start with a little bit general action: 



n "max 



2k2 

A=0,1 r!,=0 

X (^i?^. - ^ap</)V''VpV,,^j I -A + C/o) . (31) 

In low energy, in addition to the Einstein-Hilbert term, A = 0, n = term in pip 
could dominate and the action (1311) could reduce to 

S ^ ct^xy/^g 



(32) 



We now assume the FRW metric as ds^ = —e'^'^^*^dt'^+a{t)'^ i 3 {dx^^ . Then by 

the variation of 6, we obtain the following FRW equation: ^'^Xct^H'^ = Pmattor- 

Here we put 6 = after the variation and Pmattcr is the energy-density of the matter. 
We should note that the FRW equation is the first order differential equation with 
respect to the scale factor a(t). If < and Pmattcr — 0, the FRW equation admits 
the de Sitter solution = — 27^0^2 ; which may correspond to the inflation in the 
early universe. 



7. Superluminal neutrinos 

The OPERA experiment results indicate towards the possibility that the neutrino 
speed might exceed the speed of light^. Motivated with the results, in Ref. [TOl a 
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model of superluminal spinor by the spontaneous breakdown due to the Lagrange 
multiplier field has been proposed. The action we consider is 



(33) 



Here a is a constant, n is an integer equal to or greater than 1, and P^'^ is a projection 
operator again. By using ([3]), the equation corresponding to the Dirac equation 
= |7''(9^ + a {P/jt'd^)'^"^^^^/j looks as = \^j°do + j'd, + a (7*a,)^"+^| V- 

Therefore the dispersion relation for the spinor is given hy uj — k\/l + a^fc^". Here 
uj is the angular frequency corresponding to the energy and k is the wave number 
corresponding to the momentum. In the high energy region, the dispersion relation 
becomes lu ^ lajfc^""''^ and therefore the phase velocity Vp and the group velocity 
Vg are given, respectively, by Wp = ^ = |Q;|fc^" and Vg = ^ — (2n + 1) |a|A;^", 
respectively. When k becomes larger, both Vp and Vg become also larger in an 
unbounded way and exceed the light speed. 



8. Summary 

In this report, we investigated the model with the spontaneous breakdown of the 
Lorentz symmetry by using the Lagrange multiplier field. We considered F{R) grav- 
ity, power-counting renormalizable gravity, and superluminal spinor. We formulated 
the power-counting renormalizable gravity, and the superluminal spinor by using 
scalar projectors. For the power-counting renormalizable gravity, we have shown 
that the theory admits flat space solution and the only propagating mode is (higher 
derivative) graviton, while scalar and vector modes do not propagate by developing 
the gauge-fixing formulation. We also gave a preliminary study of FRW cosmology 
indicates to the possibility of inflationary universe solution. The first FRW equation 
in the theory turns out to be the first order differential equation which is quite un- 
usual for higher derivative gravity which normally leads to third order differential 
equation with respect to scale factor. 
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